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A Fresnel–Kirchhoff integral can be used to calculate x-ray phase contrast images when the
transmission function is known. Here expressions for image intensity are derived for objects with
axial symmetry for an x-ray source with non-vanishing dimensions. An expression for the image
intensity is given for an x-ray source whose intensity distribution is described by a Gaussian
function, from which an expression for the limiting case of a point source of radiation is found. The
expressions for image intensity are evaluated for cases where the magnification is substantially
greater than one, as would be employed in biological imaging. Experiments using a microfocus
x-ray tube and charge coupled device camera are reported to determine the capability of the method
for imaging small spherical objects, such as gold particles, which might find application as contrast
agents in biomedical imaging. © 2009 American Institute of Physics. �DOI: 10.1063/1.3112129�

I. INTRODUCTION

The appeal of the x-ray in-line phase contrast method1,2

for soft tissue imaging lies in its strong contrast for rapid
variations in density, which appear in the image as bright and
dark outlines at the perimeters of objects. The in-line method
is sensitive to absorption so that the image contains features
both from absorption contrast, as in a conventional x-ray
shadowgraph and phase contrast as well. If absorption con-
trast is not of primary interest since the method relies on the
deflection of x-radiation rather than their absorption, it is
possible to employ hard, weakly absorbed x-radiation pro-
viding a significantly lower absorbed radiation dose than that
in conventional x-ray shadowgraphy. In order to produce
phase contrast in an image, the x-ray source must have a
high degree of spatial coherence; hence, x-ray
synchrotrons3–5 or microfocus x-ray tubes6–8 are typically
used as radiation sources. A further feature of employment of
sources with high spatial coherence, in addition to the benefit
of phase contrast in the image, is that if the image recording
device is chosen to have high resolution, the obvious advan-
tage of high spatial resolution also becomes characteristic of
the method adding to its overall utility as an imaging diag-
nostic.

From a knowledge of the transmission function q�X ,Y�,
where X and Y are the coordinates on the object perpendicu-
lar to the propagation direction of the radiation,8 the image
produced with the in-line method can be determined from a
Fresnel–Kirchhoff integral.9,10 Here, we derive a expressions
for in-line phase contrast imaging using a Fresnel–Kirchhoff
integral for objects with cylindrical symmetry referred to the
propagation direction of the x-radiation, that is, where the
phase function for the object to be imaged can be expressed

as a function of a radial coordinate R only. The derivation in
Sec. II gives the electric field for a source with an arbitrary
intensity distribution. Section III gives an expression for the
image plane intensity for a Gaussian source intensity distri-
bution. Section IV gives limiting expressions for the image
intensity for a point source and for the limiting case of a
large source-to-object distance. Experiments carried out with
the goal of determining the capability of phase contrast im-
aging for detecting spherical objects are reported in Sec. V.
The work presented here focuses on imaging where the mag-
nification of the object and the resolution are appropriate for
detection of small density variations in biological specimens.

II. ELECTRIC FIELD AT THE IMAGE PLANE

The electric field f at the image plane for an x-ray source
of unit electric field amplitude is governed by the Fresnel–
Kirchhoff integral11 over a plane �0,
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FIG. 1. Schematic drawing of the coordinates used in the evaluation of the
Fresnel–Kirchhoff integral for phase contrast imaging with a nonvanishing,
circularly symmetric source. The object and source are taken as lying on a
line along the normal to the image plane. In �a� the Cartesian coordinates on
the source, object, and image planes are denoted as �� ,��, �X ,Y�, and �x ,y�,
respectively. In �b� the radial coordinates are denoted as �� ,��, �R ,��, and
�r ,��, respectively.
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f�r� =
i

�
�

�0

e−ik�r−r��

�r − r��
d	 , �1�

where, as shown in Fig. 1, r is the coordinate in the image
plane, r� is the coordinate on the object plane, k is the wave
number of the radiation, and d	 is an area element in the
plane. For a point source or radiation located on the source
plane at r�, the electric field in the object plane is of the form
e−ik�r�−r�� / �r�−r��. If D is the distance between planes, both
�r−r�� and �r�−r�� are of the form �ra−rb�

=�D2+ �xa−xb�2+ �ya−yb�2, which can be expanded to first
order in Cartesian coordinates to give the usual Fresnel
approximation8 to Eq. �1�. Consider an object with a trans-
mission function q. When f is then expressed in cylindrical
coordinates defined as

� = � cos � X = R cos � x = r cos 
 ,

� = � sin � Y = R sin � y = r sin 
 ,

the electric field becomes

f�r� =
i

�R1R2
e−ik�R1+R2��

0

� �
0

2�

e−�ik/2R1���2+R2−2�R cos��−���−�ik/2R2��r2+R2−2rR cos�
−���q�R�RdRd� , �2�

where q�R� is the transmission function for an object whose
phase and absorption are a function of the coordinate R
alone. The transmission function, which describes the phase
deviation � and the �intensity� absorption  on traversal
through the object, can be taken to be of the form

q�R� = �ei��R�−�R�/2 for R � R0

1 for R � R0,
	 �3�

where R0 is the radius of the object. Owing to the symmetry
of both the object and source, the integrand in Eq. �2� must
be independent of 
 and can be evaluated at 
=0.

The integral over R in Eq. �2� can be written as a sum of
two integrals of the form

f�r� = �
0

�

E�R,��RdRd� + �
0

R0

E�R,���q�R� − 1�RdRd� ,

where the exponential function in the integrand of Eq. �2� is
denoted as E; hence, f becomes the sum of two integrals �
and � multiplied by a common factor,

The term denoted � can be evaluated by noting that it is
independent of �, permitting � to be taken as zero, complet-
ing the square in the argument of the exponential, and using
the relation12

�
0

2�

eia sin��+��d� = 2�J0�a� ,

which can also be shown to be independent of �, together
with13

�
0

�

J0��x�e�iax2
xdx = �

i

2a
e�i��2/4a�

to give

� = −
2�iR1R2

k�R1 + R2�
e�ikR1R2/2�R1+R2����2/R1

2+r2/R2
2+�2�r/R1R2�cos ��.

The second term denoted � can be reduced to
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� = 2��
0

R0

�q�R� − 1�e−ik/2�1/R1+1/R2�R2
J0�kRr̃�RdR ,

where the dimensionless quantity r̃ is defined as

r̃ =��2

R1
2 +

r2

R2
2 +

2�r

R1R2
cos � .

III. IMAGE INTENSITY FOR A GAUSSIAN
SOURCE

The intensity at the image plane for an incoherent source
with a source intensity distribution s��� at the source plane is

I�r� = �
0

� �
0

2�

s����f�r��2�d�d� .

For a Gaussian source with an intensity in the source plane
described by s���= �2�	2�−1exp�−�2 /2	2�, where 	 is the
length parameter for the source, I�r� becomes

I�r,	� =
1

2�	2
 1

�R1 + R2��2�
0

� �
0

2�

�e−�2/2	2
��̂ + �̂�2d�d� ,

�4�

where the dimensionless quantities �̂ and �̂ are defined as

�̂ = e�ikR1R2/2�R1+R2����2/R1
2+r2/R2

2+�2�r/R1R2�cos ��

and

�̂ =
ik�R1 + R2�

R1R2
�

0

R0

�q�R� − 1�e−ik/2�1/R1+1/R2�R2

�J0�kRr̃�RdR .

Equation �4� can be written as the sum of three terms,

I�r,	� =
1

2�	2
 1

�R1 + R2��2

�I��� + 2 Re I��� + I���� , �5�

where

I��� = �
0

� �
0

2�

�e−�2/2	2
d�d� = 2�	2,

I��� =
− ik�R1 + R2�

R1R2
�

0

� �
0

2�

e−�2/2	2
e�ikR1R2/2�R1+R2����2/R1

2+r2/R2
2+�2�r/R1R2�cos ���d�d��

0

R0

R�q�R�

− 1��eik/2�1/R1+1/R2�R2
J0�kRr̃�dR ,

and

I��� = 
 k�R1 + R2�
R1R2

�2�
0

� �
0

2�

d�d��e−�2/2	2�
0

R0

�q�R� − 1�e−ik/2�1/R1+1/R2�R2
J0�kRr̃�RdR

��
0

R0

�q�R�� − 1��eik/2�1/R1+1/R2�R�2
J0�kR�r̃�R�dR�.

From the theory of Bessel functions14 J0�kRr̃� can be expanded as15

J0�kRr̃� = �
m

�mJm− kR
�

R1
�JmkR

r

R2
�cos m� , �6�

where �m is defined as �m=2 for m�0 and �m=1 for m=0. Through use of Eq. �6� and the orthogonality property of the cosine
functions, �0

2�cos m� cos n�d�=2� if m=n=0 and ��m,n otherwise, Eq. �5� becomes

I��� =
�− i�m+12�k�R1 + R2�	2

�R1R2
e�ikR1R2/2�R1+R2��r2/R2

2 � �m�
0

R0

dRR�q�R� − 1��eik/2�1/R1+1/R2�R2

�Jm kr

R2
R�Im 	2k2rR

�R1�R1 + R2��e−�k2	2/2���r2/�R1 + R2�2+R2/R1
2�,

where Im is a modified Bessel function and

I��� = 
 k�R1 + R2�
R1R2

�2

�	2 � gm�m
2�

0

R0

dRR�q�R� − 1�e−ik/2�1/R1+1/R2�R2
JmkR

r

R2
�

��
0

R0

dR�R��q�R�� − 1��eik/2�1/R1+1/R2�R�2
JmkR�

r

R2
�Im k2	2RR�

R1
2 �e−k2	2�R2+R�2�/2R1

2

where gm=2 for m=0 and gm=1 for m�0, and the parameter � is given by
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� = 1 − i
k�R2/R1�	2

2�R1 + R2�
.

Through straightforward algebraic manipulation, it is
possible to write I�r ,	� as a sum over dimensionless quan-
tities as

I�r,	� =  1

R1 + R2
�2
1 + 2 Re �

m=0

�

�− i�m+1�mÎ���
�m� �r�

+ �
m=0

�

gm�m
2 Î���

�m� �r�� , �7�

where

Î���
�m� �r� =

k�R1 + R2�
�R1R2

eikR1R2r2/2�R1+R2�R2
2

��
0

R0

�q�R� − 1��eik/2�1/R1+1/R2�R2

�Jm kr

R2
R�Im 	2k2rR

�R1�R1 + R2��
�e−�k2	2/2���r2/�R1 + R2�2+R2/R1

2�RdR ,

Î���
�m� �r� =

1

2

 k�R1 + R2�

R1R2
�2�

0

R0

�q�R� − 1�

�e−ik/2�1/R1+1/R2�R2
JmkR

r

R2
�RdR�

0

R0

�q�R�� − 1��

�eik/2�1/R1+1/R2�R�2
Jmkr

R�

R2
�Im k2	2RR�

R1
2 �

�e−k2	2�R2+R�2�/2R1
2
R�dR�.

IV. IMAGE INTENSITY FOR POINT AND PARALLEL
BEAM SOURCES

In the limit where the source can be approximated as a
point source, i.e., where 	=0, the arguments of Im become
zero so that Im=�m,0 and the sums in Eq. �7� reduce to a
single term. The parameter � also becomes unity; thus the
intensity reduces to the relatively simple expressions

I�r,0� =  1

R1 + R2
�2�1 +

ik�R1 + R2�
R1R2

�e−�ik�R1/R2�/2�R1+R2��r2

���
0

R0

�q�R� − 1�e−�ik/2�R1+R2�/�R1R2��R2
J0kr

R

R2
�RdR�2

.

�8�

If the source-to-object distance becomes large compared
with the object-to-image distance, i.e. if R1�R2, Eq. �7� re-
duces to

I�r,0� =
1

R1
2�1 +

ik

R2
e−�ik/2R2�r2�

0

R0

�q�R� − 1�

�e−�ik/2R2�R2
J0kr

R

R2
�RdR�2

, �9�

which could be derived directly from Eq. �2�. It is notewor-
thy that both Eqs. �8� and �9� are integrals over one coordi-
nate and require no summation.

V. EXPERIMENTS AND CALCULATED IMAGES

Plots for the expressions derived above were made by
computing intensity versus radius and shown with the radial
coordinate extending in two directions to give a simulation
of the intensity profile over a center slice of an image. The
intensity patterns determined from theory were calculated
with MATHEMATICA using a large number of significant fig-
ures. All calculated plots were referred to the object plane.
Figure 2 shows the results of calculations for polystyrene
spheres irradiated by a point source of x-radiation for two
different x-ray photon energies, 1.7 and 30 keV. The source-
to-object and object-to-image planes used in all of the calcu-
lations were R1=0.2 m and R2=2.4 m, giving a magnifica-
tion of 13. The oscillatory features at the perimeters of the
spheres are seen to be of lower frequency and of smaller
amplitude in the plot calculated with the lower energy
x-radiation. Oscillatory features at the centers of the images
are present in the plots at both x-ray energies, albeit with a
significantly smaller amplitude at 30 keV.

A similar plot for a 100 m diameter gold sphere cal-
culated for a point source is shown in Fig. 3. Strong absorp-
tion contrast is seen in central region of the plot. Despite the
strong absorption of gold at a photon energy of 1.7 keV,
oscillations in the intensity near r=0 arising from interfer-
ences are still found.

Calculations for images of nylon and gold spheres for a
nonvanishing x-radiation source are shown in Fig. 4. The
phase contrast features are virtually all absent in the plot for
the gold sphere but remain as easily visible features for the
nylon sphere. Experiments were carried out using a microfo-
cus x-ray tube �Oxford, Inc., Model UM-M1� with an anode
source diameter, as specified by the manufacturer, of
13.5 m together with a Peltier effect cooled charge coupled
device �CCD� camera �Princeton Instruments, Model PI-
SCX� equipped with a fiber optic bundle that views a phos-
phor plate to give an input-to-output image size ratio of
unity. Further details of the experimental apparatus can be
found in Ref. 8.

In order to determine the capability of the microfocus
x-ray apparatus for imaging small spherical objects, experi-
ments were carried out with polystyrene spheres of various
diameters �purchased from Duke Scientific Co.� As shown in
Fig. 5, experiments with several different diameter polysty-
rene and gold spheres indicate that the visualization of poly-
styrene spheres larger than 20 m is facile owing to the
distinctive dark and light outlines of the spheres provided by
phase contrast; distinguishing polystyrene objects with fea-
tures smaller than 10 m from the background however is
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difficult. The nearly spherical gold particles were made by
scattering 325 mesh gold powder on a glass cover slide, and
heating the glass with a torch until fusion of the metal was
observed. This procedure produced approximately spherical
particles with a random distribution of diameters. Although
there is virtually no phase contrast seen in Fig. 5 for the gold
spheres, the absorption contrast of gold is sufficiently large
that particles larger than 10 m could be seen easily against
the background.

VI. DISCUSSION

A feature of the point source calculations given here that
appears to be unique to objects with cylindrical symmetry is
the appearance of intensity variations amounting to what
would be a “bright spot” at image plane on the symmetry
axis of the object, as shown in Figs. 2 and 3. The observation

FIG. 4. Intensity vs radial coordinate calculated from Eq. �7� for �top plot�
a 100 m diameter sphere with �=1�10−6 and 0=0 and �bottom plot� a
100 m diameter gold sphere with �=3.56�10−6 and 0=2.5�104 m−1,
irradiated by an x-ray source with the source diameter parameter 	
=6.75 m and an x-ray photon energy of 1.7 keV. The insets are images of
�top� a 100 m diameter polystyrene sphere and �bottom� a 220 m diam-
eter gold sphere. Both images were taken with the x-ray tube operating for
3 min at 90 kV and 100 A. The intensity patterns determined from theory
were calculated with MATHEMATICA using a large number of significant
figures.

FIG. 2. Intensity vs radial coordinate calculated from Eq. �8� for a 100 m
diameter polystyrene sphere with �=10−6 and 0=0, irradiated by a point
source of x-radiation. The x-ray photon energy is �top� 30 keV and �bottom�
1.7 keV, corresponding to wavelengths of 24 and 730 pm, respectively.
Inset: expanded view of the center of the 30 keV plot.

FIG. 3. Intensity in arbitrary units vs radial coordinate calculated from Eq.
�8� for a 100 m diameter gold sphere with �=3.56�10−6 and 0=2.5
�104 m−1, irradiated by a point source of x-radiation. The x-ray photon
energy is 1.7 keV.
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of a bright spot radiation as a result of interposing an opaque
circular disk between a visible light source and the image
plane dates back almost 2 centuries to the time when Fresnel
submitted his theory of imaging9 to the French Academy;
although the effect is counterintuitive, it is easily demon-
strated in the laboratory with visible light and is a feature
that is present over a range of wavelengths. As is shown
here, the total number of photons in the central region dimin-
ishes greatly as the wavelength of the radiation is made short
so that for radiation corresponding to an energy of 30 keV,
there is little evidence of a bright spot.

The use of nanometer sized particles tagged with site
directed antibodies to target specific tissues has become com-
mon practice in imaging and drug delivery and even holds
promise for therapy. The high sensitivity of x-ray phase con-
trast imaging for detecting small objects may have similar
application for locating particles such as polystyrene or gold
in soft tissue. Although heavy metal objects such as gold
particles do not produce phase contrast to the same degree
that objects with smaller values of � do under the conditions
used in the experiments reported here, the high resolution of
the method permits visualization of spheres with diameters
of the order of 20 m. The results of this study show that
for the 20 m x-ray source size, polystyrene and gold

spheres with diameters of the order of the source size can be
distinguished reliably from the background. Although a rig-
orous study has not been carried out, the present results sug-
gest that x-ray sources with smaller source sizes should be
capable of distinguishing even smaller particles from a low
density background.
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